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ABSTRACT 

This paper presents the results of a recent analytical and numerical investigation on the implications 
associated with the nonlinear propagation of an uncertain turbulence field on the aeroelastic stability 
of long-span bridges. The coupled-flutter threshold is derived by time-domain modeling and analysis, 
limited to the fundamental bending and torsional modes, and by stochastic calculus techniques. A 
numerical integration scheme was employed for the solution of the dynamic equations to derive the 
second-moment stability condition. A preliminary set of simplified bridge examples was considered. 
Either a decrement or an increment in the critical velocity was derived, depending on the selected 
example.  

 

1. INTRODUCTION 

Current research activities at Northeastern University (NEU) are concentrated on the analysis of the 
effects of uncertainty on the dynamic, wind-induced response of long-span bridges. A framework for 
the analysis of uncertainty and its effects on the dynamic response of bridges under wind hazards is 
currently under development (Caracoglia, 2008a). Uncertainty is being used in this context as a 
general term indicating both the lack of knowledge in the structural system or resulting from 
unavoidable experimental and measurement errors, for example in wind tunnel. Such errors can be 
indirectly related to reference design quantities of the loading (e.g., turbulence spectra, aerodynamic 
forces, etc.). This problem is of relevance since wind-induced bridge response, derived from ambient 
vibration records during extreme winds, has, on occasion, revealed discrepancies in comparison with 
the previsions (Xu & Zhu, 2005).  

The influence of turbulence on bridge flutter has been a problem of interest to the research 
community in the recent past. Since the “classical” solution to the flutter problem neglects the 
presence of oncoming turbulence (e.g., Jones & Scanlan, 2001), researchers have developed methods 
to overcome the limitations of this assumption.  

Two main methods have been proposed, based on either flutter derivatives in the frequency 
domain (Scanlan, 1997) or stochastic calculus in the time domain (Bucher & Lin, 1988; Tsiatas & 
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Sarkar, 1988). While the application of the first method suggests that the presence of turbulence 
delays the instability onset, turbulence may be detrimental if the second approach is employed. The 
second observation has also been suggested by other investigators, who confirmed potential negative 
effects of turbulence on aeroelastic instability, either dominated by a torsional mode (Bartoli et al., 
1997) or influenced by modal coupling (Sepe & Vasta, 2005). 

An alternative formulation for simulating the effects of turbulence on flutter was explored in a 
recent study (Caracoglia, 2008b) and in the context of the uncertainty estimation framework 
described above. The key aspect of this method is related to the fact that, while turbulence effects 
have preferably been described in terms of a perturbation to the reference flutter solution, both 
aeroelastic and buffeting loading terms, although linearized, were retained in the system of dynamic 
equations. The reference dynamic equilibrium scenario was modified by simulating an uncertain 
spatial distribution of wind turbulence. An equivalent modal force correlation term was employed as 
a random variable simulating such effects.  

The solution was developed in terms of second-moment stochastic stability (Grigoriu, 2002). It 
was shown that, if the perturbed system of dynamic modal equations was represented as a linear 
combination of an augmented state vector, no effects of turbulence on flutter were numerically 
observed in the simulations (flutter with coupling dominated by two modes only). However, there 
was also a limitation in the proposed algorithm since specific assumptions were made on the 
characteristics of the random state vector, possibly incompatible with a real turbulence field. These 
were chosen to provide a linear dynamic equation system. This selection allowed the straightforward 
solution of the stability as a function of second moments. 

In this study this original hypothesis is replaced by a non-linear turbulence propagation scheme, 
proposed to overcome the original restriction. Dynamic instability of a two-mode equivalent system 
with aeroelastic coupling is introduced and discussed.  

2. ANALYTICAL BACKGROUND 

The dynamic response of a long-span bridge due to wind excitation was derived from the multi-mode 
formulation in the frequency domain (Jones & Scanlan, 2001), in which wind-induced forces can be 
represented as a superposition of aeroelastic and aerodynamic (turbulence-induced) components. The 
equations were transformed into equivalent time-domain terms to allow for the subsequent derivation 
of a Markov-type stochastic differential equation system. 
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Figure 1: Aeroelastic (DAE, LAE and MAE) and aerodynamic (Db, Lb and Mb) loading 
per unit length of the deck, under mean wind U and turbulence components u(x,t) 
and w(x,t). 

The wind-induced loading, shown in Figure 1, depends on p(x,t) lateral, h(x,t) vertical and α(x,t) 
angular bridge deck displacement and velocities, with x being the longitudinal coordinate along the 
deck axis and t the time variable. The dynamic displacement components of the bridge deck were 
represented through modal superposition as,  



( , ) ( ) ( ), ( , ) ( ) ( ), ( , ) ( ) ( ).g g g g g gp x t t Bp x h x t t Bh x x t t xξ ξ α ξ α= = =∑ ∑ ∑  (1) 

In Eqs. (1) hg(x), pg(x) and αg(x) denote dimensionless eigen-mode components associated with the 
generic g-th mode, and ξg(t) the corresponding generalized coordinate. 

Aeroelastic forces per unit length of the deck (self-excited drag, DAE lift LAE and moment MAE per 
unit length, as shown in Figure 1) were based on flutter-derivative formulation. Aeroelastic forces 
were converted to time domain via indicial-function formulation in terms of a dimensionless time 
domain variable s=tU/B, with B being the reference deck width and U the mean wind velocity at the 
deck level (Figure 1). Turbulence-induced loading (Db, Lb and Mb in Figure 1) was similarly based on 
a linearized multi-mode approach (Jones & Scanlan, 2001) and represented in terms of quasi-steady 
theory.  

The dependence of buffeting loading on the vertical (w) and lateral (u) turbulence components was 
obtained by linear expansion about the equilibrium position under static wind (initial angle of attack 
α0). Static coefficients of the deck cross section per unit length, constant along the x axis, were 
denoted as: CL and CD for drag and lift, ˆ

LC =dCL/dα, ˆ
DC =dCD/dα and ˆ

MC =dCM/dα (all evaluated at 
α0). Buffeting loading was subsequently recast into generalized modal forces as a function of 
dimensionless turbulence components ˆ( ) ( ) /u s u s U=  and ˆ ( ) ( ) /w s w s U= . 

The span-wise loss of correlation, depending on the selected mode, was simulated through an 
equivalent “dimensionless modal correlation length”, derived in a least squares sense. As an example, 
the term Lψhj associated with mode j (pure bending) and the vertical lift component depends on ˆ ( )w s , 
becomes 

2
2 2ˆ ˆ( ) ( ) ( ) ( ) exp( | | ) .

hjL D L D j j wjC C L l C C h h c l d dψ υ σ υ σ υ σ−⎡ ⎤+ = + − −⎣ ⎦ ∫∫  (2) 

In Eq. (2) l denotes the total bridge length and 7 /wj jc f l U≈  with fj being the natural frequency of 
the j-th mode. An equivalent correlation length can be similarly derived for the k-th mode and the 
torsional modal shape αk(x), Lψαk. Chord-wise admittance was neglected at this stage.  

Influence of turbulence on flutter was simulated by considering as independent random variables, 
the non-zero span-wise modal correlation lengths of aerodynamic forces, Lψhj and Lψαk. The 
“randomization” of the Lψhj and Lψαk terms was based on a deviation from the mean value (

hj
Lψ  and 

k
L

αψ
), coincident with a reference scenario typical of the buffeting analysis, as  

( ) ( ), .
hj hj hj k k k

L L L L
α α αψ ψ ψ ψ ψ ψλ λ= + = +  (3a, 3b) 

In Eqs. (3a) and (3b) the quantities 
hjψλ  and 

kαψ
λ  are zero-mean random variables, which were 

considered as non-correlated as a first approximation.  
Coupled flutter analyses were restricted to the contribution of two modes only, namely a purely 

flexural and a purely torsional one. These were respectively denoted as j with ( ) 0jh x ≠  and k with 
( ) 0k xα ≠  exclusively, by neglecting the contribution of other modal components.  
Equations of motion were recast into a first-order Itô-type stochastic differential system as a 

function of dimensionless time s. State augmentation was employed (Grigoriu, 2002); the state vector 
Z(s)=[ZAE(s),ZTB(s)]T was decomposed into the vector of modal and aeroelastic states, ZAE(s) 
(Caracoglia, 2008b), and ZTB(s)=[ ˆ ˆ( ), ( )u s w s , Lψhj, Lψαk]T the vector regrouping the turbulence terms, 
Lψhj and Lψαk. In the previous definition the notation [•]T corresponds to the transpose operator. 

The input turbulence excitation was transformed into two independent uni-variate colored-noise 
processes depending on a scalar Wiener process W(s). As an example, ˆ( )u s  was simulated, in 
Itô-form, as an autoregressive filter ˆdu = -G1u ûds +G2udW(s), with G1u and G2u suitable parameters. A 



similar expression was derived for ˆ ( )w s  with parameters G1w and G2w. The n-dimensional non-linear 
stochastic differential system with appropriate initial conditions was derived as (Grigoriu, 2002) 

( ) ( ( ), ( )) 2 ( ),NL AE TBd s s s ds dW sπ= +Z a Z Z q  (4) 

with q being a vector of zeros and constants (e.g., G2w and G2u), and aNL a non-linear vector-function 
of ZAE(s) and ZTB(s). The latter quantity can be rewritten as follows: 
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In Eqs. (5-7) the dependence on the s variable was omitted for brevity; the superscript indices 
enclosed within parentheses denote the dimension of linear matrices and vectors. The square matrix 
AAE is linear, depends on ZAE(s), has dimensions ( r r× ) with r=(n-4) equal to the number of structural 
and aeroelastic states. This matrix includes information on the two dynamic modal equilibrium 
equations and indicial-function-based first-order state equations. The derivation of the AAE matrix is 
based on a representation of the aeroelastic forces in terms of indicial functions, numerically derived 
from flutter derivatives by inverse Fourier transform (Caracoglia & Jones, 2003; Scanlan et al., 1974). 
More details on the derivation of the modal aeroelastic states can be found in Caracoglia (2008b).  

As described by Eqs. (6) and (7), the linear matrix TL is associated with the dimensionless wind 
turbulence components and the parameters G1u, G2u, G1w and G2w. Non-linearity is concentrated in the 
sub-vector aTB,NL of the vector-function aNL in Eq. (4a), which has dimensions r and exclusively 
depends on ZTB(s) through (quadratic) multiplicative terms of random processes and variables.  

Since Eq. (3) is non-linear, the solution to the stochastic stability problem is not possible in 
closed-form, especially for a state-space system of medium dimensions corresponding to two-mode 
coupled bridge flutter. For example the dimension of the state vector Z is typically n>20 (Caracoglia, 
2008b). Furthermore, when stochastic stability of Eq. (4) is investigated (Bucher & Lin, 1988), the 
solution usually requires the computation of the statistical moments. This operation usually leads to a 
set of nonlinear deterministic differential equations organized in a “hierarchical scheme”, which are 
usually solved by truncation. 

3. STABILITY ANALYSIS 

The first- and second-moment stochastic stability of Eq. (3) was analyzed in this section by 
application of the Itô derivation rule (Grigoriu, 2002), applied to the first and second statistical 
moments derived from Eq. (4).  

3.1. First-moment analysis 

The first-order system of nonlinear equations was rewritten in terms of expectations E[Z] and 
derivatives of the expectation operator, ( )[ ] / [ ]E d ds E′ =Z Z . The solution was derived after 
observing that the system of equations can be divided into two sub-systems, by exploiting the 
partition of the nonlinear vector function in Eq. (5) into aeroelastic and turbulence-field terms, as 
indicated below:  

,[ ( )] [ ( )] [ ( ( ))],
[ ( )] [ ( )].

AE AE AE TB NL TB

TB L TB

E s E s E s
E s E s

′ = +

′ =

Z A Z a Z
Z T Z

 (8a, 8b) 



Equation (8b) does not depend on the aeroelastic terms, and is asymptotically stable since it 
depends on the linear matrix TL, the eigen-values of which are negative real. In contrast, Eq. (8a) is 
nonlinear and is subject to initial conditions imposed on the state-vector expectation; the solution to 
(8a) cannot be based on first-order moment exclusively, since a hierarchical dependency can be 
recognized by inspection of the nonlinear term, E[aTB,NL(ZTB(s))]. This term depends on the 
s-dependent cross-correlation of the turbulence-field states, ZTB. A further manipulation of Eq. (8a) 
leads to the following equation 

,[ ( )] [ ( )] ( ),AE AE AE TBE s E s s′ = + aZ A Z Ν τ  (9) 

with Na,TB being a linear matrix of constant coefficients and τ(s) a strictly positive vector reordering 
the non-zero elements of the cross-correlation E[ZTB(s)ZTB(s)T]. The elements of τ(s) are the 
cross-correlations E[ ˆ( )u s Lψhj], E[ ˆ ( )w s Lψhj], E[ ˆ( )u s Lψαk], and E[ ˆ ( )w s Lψαk]. The dimensionless 
span-wise correlation lengths, Lψhj and Lψαk, are independent of time, as defined in Eqs. (3a) and (3b). 

Even though a solution to Eq. (9) can exclusively be determined by information on the 
second-moment in τ(s), the stability of the system can be inferred by noticing that, if the turbulence 
field is stationary, τ(s) can be postulated as independent of time. Therefore, the stability of Eq. (9) is 
controlled by matrix AAE, which is only influenced by the dynamic and aeroelastic states. Therefore, 
it can be concluded that first-moment aeroelastic stability is unaffected by turbulence. Furthermore, 
(Lyapunov) asymptotic stability is excluded by Eq. (9) because of the presence of an input term, 
Na,TBτ(s), even though the system is still stable in the context of bounded stability. Finally, Eq. (9) 
also suggests that dynamic stability is unaffected by the proposed “turbulence randomization”, even 
in the presence of non-stationary turbulence field (for example associated with a hurricane wind in 
the United States), provided that |τ(s)|<τmax with τmax being a bounded quantity. 

3.2. Second-moment analysis 

The second-moment stability deterministic equations can be derived by applacation of the Itô rule in 
a similar way. The equations can be rewritten in scalar form to allow for a further implementation of 
a numerical algorithm. If the auto- and cross-correlation operators of Z(s), along with higher-order 
moments, are rewritten in scalar form as E[Zm1

2(s)] and E[Zm1(s)Zj2(s)], the second-moment stability 
can be associated with the solution of the following non-linear deterministic equation, 

( ) ( )1 2 2 1 1, 21 2
[ ( ) ( )] [ ( )] [ ( )] ( ) ,T

m m NL m NL m m mm m
E Z s Z s E Z s E Z s θπ′ = + +a a qq  (10) 

with m1 and m2 being two indices, referring to either ZAE(s), ZTB(s) or a combination of the state 
sub-vectors, while the parameter θ=1.0 if m1=m2, and θ=2.0 if m1≠m2.  

No direct solution by inspection is possible in the case of second-moment analysis, since the 
solution is influenced by third-order statistical moments of the turbulence-field states combined with 
ZAE(s). Examples are E[ 2ˆ ( )u s Lψhj] and E[ξk(s) ˆ( )u s Lψhj], whose inter-dependency cannot be readily 
determined (or postulated), based on the physical interpretation of each random variable and process. 
Two methods have been proposed for the solution of such equations for stability problems of 
long-span bridges: statistical truncation (Bartoli et al., 1997), or stochastic averaging (Bucher & Lin, 
1988; Sepe & Vasta, 2005). The applicability of each method rely on the possibility of reducing the 
number of significant states to a reasonable number (usually much less than ten) by reduced-order 
modeling, which allows the direct derivation of the equations associated with the cross-correlation 
terms, E[Zm1(s)Zm2(s)], in a direct form. Stochastic averaging and statistical truncation may lead to a 
complex system of equations (Grigoriu, 2002). Moreover, in the case of a long-span bridge, for which 
the contribution of more than two modes to flutter stability may not be negligible and requiring 
several aeroelastic states to simulate the fluid-structure interaction, model reduction and statistical 
truncation may become challenging, especially for practical applications. As an example, a typical 



two-mode flutter instability analysis with turbulence randomization may lead to a state vector of 
dimension n>20, which corresponds to more than 200 scalar independent cross-correlation terms, 
despite the evident symmetry of Eq. (10). 

In this study a different approach was chosen, since the objective of the research was the derivation 
of a framework applicable to generalized problems, in which the number of parameters employed in 
the equivalent randomization might become large. Therefore, a numerical method was employed to 
investigate the instability of Eq. (10), as a function of the initial conditions at s=0 imposed on the 
second-order statistical moments of Z(s), based on the approximate numerical solution of the Itô 
equation (Eq. 4).  

The Euler finite-difference time-marching numerical scheme was implemented (Grigoriu, 2002); 
this algorithm requires the generation of NS samples of the Brownian motion over a finite period of 
time, s. Statistical moments can be numerically estimated by repeating the simulations. Errors, 
convergence to the exact solution in a statistical sense and numerical stability (Kloeden & Platen, 
1992) were carefully investigated in this study by controlling the time step. Preliminary numerical 
investigation (Section 4) suggested that, for a long-span bridge with fundamental periods variable 
between 5 sec and 15 sec, a time step 1E-3 times smaller than the lowest period of interest and with 
NS>150 were reasonably accurate for second-order statistical analysis purposes.  

4. NUMERICAL SIMULATIONS 

Numerical analyses were based on two simulated bridge examples, already employed in previous 
studies, denoted as Bridge 1 and Bridge 2. The mass and rotational moment of inertia of the deck and 
cables per unit span length (m0 and I0, respectively) were simulated as constant along the longitudinal 
axis of each bridge. Mode shapes were represented by a sine function, applied to the central span 
only; contributions of the side spans were neglected.  

Bridge 1 (B1) replicates the behavior of a long-span bridge with central span (“cs”) ℓcs=3000m, 
deck width B=60 m, m0=5.4×104 kg/m, I0=28.0×106 kg×m2/m, and frequencies equal to fh,B1=0.06 Hz 
(skew-symmetric flexural mode) and fα,B1=0.08 Hz (skew-symmetric torsional mode). 

Bridge 2 (B2) simulates the behavior a medium-span cable-stayed bridge, with ℓcs=500 m, B=38 m, 
m0=3.1×104 kg/m, I0=2.8×106 kg×m2/m and frequencies of the first vertical and torsional symmetric 
modes equal to fh,B2=0.20 Hz and fα,B2=0.50 Hz, respectively. Structural damping ratio equal to 0.5% 
with respect to the critical value, independently of the mode, was adopted for both examples. Bridge 
structural properties, such as mass and modal frequencies, considered in the simulations, were 
adjusted to be compatible with the values that would be approximately recorded on a real structure of 
the same span with similar structural characteristics. 

Indicial functions of the flat plate (Scanlan et al., 1974) were employed to simulate the aeroelastic 
behavior of a streamlined deck for both Bridge 1 and Bridge 2, and for both lift and moment forces. 
Aerodynamic static coefficients were assumed as CD=CL=0, ˆ 0DC = , ˆ 2LC π=  and ˆ 0.5MC π= . 
Deterministic aeroelastic stability was determined by standard eigen-value analysis, as also reported 
in a previous study (Caracoglia, 2008b). It was found that the critical velocity was equal to 20.1 m/s 
and 122.8 m/s for Bridges 1 and 2, respectively.  

Initial conditions at s=0 of the random state vector Z, necessary for numerical integration, were 
pre-selected to be consistent with the corresponding physical quantities (e.g., modal amplitudes). 
Since first-order stability is unaffected by the nonlinear turbulence perturbation and because of the 
independence of Eq. (10) on first-order statistical moments, E[Z(s=0)]=0 (identically) was 
postulated.  

Second-order stability was investigated by monitoring the correlation (variance) of the modal 
dimensionless amplitudes and velocities (ξj, ξj’ and ξk ξk’) over a suitable time interval, equal to 20 to 
30 times the maximum period of interest. In this study influence of non-zero variance of the modal 



amplitude was only considered, with E[ξj
2(0)]=E[ξk

2(0)]=1E-2 (potentially unreasonably large in a 
prototype structure) and E[ξj

2(0)]= E[ξk
2(0)]=1E-4 (which was found to be influenced by numerical 

integration). Due to the nonlinearity in the stochastic differential equation, influence of initial 
conditions on the stability was also possible.  

The nonlinear dimensionless span-wise correlation terms were assumed to be the same 
2 2

hj k
E E

αψ ψλ λ⎡ ⎤ ⎡ ⎤= ⎣ ⎦⎣ ⎦  for both modes and were calibrated, depending on the selected bridge, to be 

compatible with an equivalent coefficient of variation between 0.20 and 0.30 with respect to the mean 
values 

hj
Lψ  and 

k
L

αψ
. This condition was chosen since it simulates the presence of a relatively large 

uncertainty in the definition of the turbulence loading. 
An example of stability analysis for simulated Bridge 1 can be found in Figures 2 and 3. In these 

figures, the variance of the normalized modal amplitudes and velocities (b) of modes j and k, E[ξj
2(s)] 

(a) and E[ξk
2(s)] (b) is shown as a function of dimensionless time s=tU/B. Figure 2 corresponds to 

U=20 m/s while Figure 3 to U=25 m/s. Stable (Figure 2) vs. unstable (Figure 3) dynamic vibration 
can be clearly discerned by comparing the amplitude and velocity time histories in the two figures.  
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Figure 2: Time history of the normalized variance of the modal amplitude and 
velocity for Bridge 1 with initial conditions E[ξj

2(0)]=E[ξk
2(0)]=1E-2 and U=20 m/s; 

bending mode (a), torsional mode (b) (all units are dimensionless). 
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Figure 3: Time history of the normalized variance of the modal amplitude and 
velocity for Bridge 1 with initial conditions E[ξj

2(0)]=E[ξk
2(0)]=1E-2 and U=25 m/s; 

bending mode (a), torsional mode (b) (all units are dimensionless). 
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It must be observed that non-zero mean square value as s→∞ is present even in the case of a 
stable oscillation because of the nonlinear representation of random turbulence. For example, the 
stationary variance of the modal amplitude corresponds to E[ξj

2]=0.5E-3 in Figure 2(a), 
approximately equal to 1.3 m RMS displacement at ℓcs/4 (nodal point), a plausible value with an 
incipient instability scenario. 

Results of the second-moment stability analysis are summarized in Table 1, in which the 
second-moment critical velocity Ucr for Bridges 1 and 2 is compared to the deterministic thresholds. 
The table shows that for a 2 2

hj k
E E

αψ ψλ λ⎡ ⎤ ⎡ ⎤= ⎣ ⎦⎣ ⎦
 and corresponding to a large deviation from the reference 

turbulence scenario, either a decrement or an increment may be recorded, depending on the simulated 
bridge example. In the case of second-moment analysis the stability thresholds was determined by 
analysis and interpretation of time histories of the modal variances, similar to those depicted in 
Figures 2 and 3. Nevertheless, differences between first- and second-moment Ucr are very small, of 
the order of few percent (Table 1). 

 
Table 1: First and second-moment critical velocity, Ucr, for Bridges 1 and 2 

Case First Moment 
Stability, Ucr (m/s) 

Second Moment Stability 
2 2

hj k
E E

αψ ψλ λ⎡ ⎤ ⎡ ⎤= ⎣ ⎦⎣ ⎦
 Ucr (m/s) 

Bridge 1 20.1 1.6E-3 >21.0 
Bridge 2 122.8 1.0E-2 >120.0 

5. CONCLUDING REMARKS 

This paper presents the results of a recent analytical and numerical investigation on the 
implications associated with the nonlinear propagation of an uncertain turbulence fields on the 
aeroelastic stability of long-span bridges. The coupled-flutter stochastic stability threshold was 
derived by time-domain modeling and analysis, limited to fundamental bending and torsional modes 
in the case of coupled flutter. A first-moment dynamic stability criterion was derived in closed form. 
A numerical integration scheme was employed for the solution of the dynamic equations, related to 
second-moment stability. A preliminary set of simulated bridge examples with streamlined 
aerodynamic and aeroelastic properties was considered due to the exploratory nature of the study. 
Either a decrement or an increment in the critical velocity was derived, depending on the selected 
bridge example. Nevertheless, relative differences in comparison with the deterministic thresholds 
were not very significant. Future studies should possibly address the influence of initial conditions on 
the stability thresholds (time-domain simulation) and should possibly consider more complex 
structural systems and non-streamlined deck girders. 
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