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Abstract 

The multimodal flutter analysis program, FLAS was developed at the University of La Coruña to 

calculate the critical wind speed of a long span bridge. The program occasionally did not function 

properly because of problems associated to repeated eigenvalues. A piece of new code was added to 

detect repeated eigenvalues. This modificantion permits the  continuation of the analysis with the 

complete set of aeroelastic modes without losing information.    

1 Multimodal analysis of flutter 

The hybrid methods for aeroelastic analysis of flutter phenomenon for long span bridges consist of 

two phases: obtainment of aerodynamic coefficients and flutter derivatives from experimental 

sectional model testing in a wind tunnel and its subsequent computational analysis of the entire bridge 

(Jurado et al. 2000). The matrix formulation for the hybrid aeroelastic analysis of long span bridges 

starts with a dynamic equilibrium equation of a deck considering aeroelastic forces, fa, which are auto-

excited forces produced by fluid-structure interactions. This equation can be written in a matrix form 

as:  

 aMu + Cu + Ku = f                                                               (1) 

where M, C, and K are mass, damping, and stiffness matrices respectively, u, u , u are displacement, 

velocity and acceleration vector of the deck, and fa is aeroelastic forces acting on the deck. The 

aeroelastic forces can be written in terms of stiffness matrix, Ka and dampling matrix, Ca (See Leon et 

al. 2006). 

a a af C u + K u                                                              (2) 
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In the above matrices, ρ is air density, U is average wind velocity, / K B U is dimensionless 

reduced frequency, B and l are the width and the length of the deck, and Pi
*
, Hi

*
, Ai

*
 i = 1…6 are 

flutter derivatives or Scanlan functions (Scanlan 1986 & Jones 1998). Combining (1) and (2), we get 

a a aMu + (C - C )u + (K - K )u = f                               (4) 

By applying modal analysis, the deck displacements can be expressed as a linear combination of most 

relevant m vibration modes grouped in the modal matrix, Φ.  

u =Φq                                      (5) 
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where q is the participation vector of each vibration mode in displacement vector, u. substituting (5) 

into (4) and premultiplying the equation by Φ
T
, we get 

R R  Iq C q K q 0      (6) 

I=Φ
T
MΦ is a unit matrix if the vibration modes are normalized with respect to mass, CR=Φ

T
(C-Ca)Φ 

and KR=Φ
T
(K-Ka)Φ. Assuming a diminishing oscillatory solution during an exponential time for the 

vector, q, we have 

( ) μtt eq w            (7) 

where w and μ are complex values. By substituting (7) into (5), we get 

2

R( ) μt

Rμ μ e  Iw C w K w 0     (8) 

Using the equality, 0  μ μIw Iw , (8) can be written as  

  μtμ e A I w 0      (9) 

where μ
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The solution to the above eigenvalue problem is j j jiμ α β  , (j=1,…2m) where α is related to 

structural damping and β is damping frequency. 

 

             j=1 

j=j+1 

ωj        Initial frequency for iteration 

           No 

[A(ωj)-(α+iβ)I]wμ=0    eigenvalue problem 

       Yes 

ωj=βmin          α k±iβk  k=1,…m                   j=m  [A(βj)-(αj+iβj)I]wμj=0 

         New frequency          j=1,…m 

                       Complete set of correct eigenvalues 

       No               

                  βmin  ═►  min |βk- ωj|<TOL           added new code 

                                                                            Selection of eigenvalues, βmin 

       Yes 

    α j+iβj ≡ α min±iβmin        

       Correct eigenvalues       

Figure 1: Flowchart of obtaining aeroelastic response of the deck 

An iterative procedure must be employed to solve this problem since the matrix A depends on flutter 

derivatives, which are in function of reduced frequency, K=βω/B; however, the frequency remains 

unknown until eigenvalue problems are solved. The iterative procedure is shown in the flowchart 

(Figure 1) and it takes the following steps: 
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1. For the aeroelastic mode j the iteration starts with an initial frequency, ωj  

2. Eigen problem, [A(ωj)-(α+iβ)I]wμ=0 is solved, getting complex eigenvalues α k±iβk  k=1,…m  

3. Of all the 2m values obtained, βk that makes the minimum difference of |βk- ωj| is chosen and 

named βmin. If the difference is within a tolerance, verify the eigenvalue equation. In the 

contrary case, step 2 is repeated with the updated frequency until the convergence of β. 

4. Step 2 to 3 are repeated for each aeroelastic mode to obtain m pairs of complex conjugate 

eigenvalues that verify [A(βj)-(αj+iβj)I]wμj=0  j=1,…m 

In order to calculate the flutter velocity, these iterative procedures above is repeated starting with a 

low wind velocity without instability and gradually increasing the velocity until the real part of any 

eigenvalues becomes null, which means that damping is also null and flutter is produced.  

2 Defects of eigenvalue problems in flutter analysis 

A computer code called FLAS was developed to perform flutter analyses of long-span bridges at the 

University of La Coruña. Some problems have been detected using the iteration scheme explained 

above. When two eigenvalues are repeated in step 4, one of the aeroelastic mode disappeared and 

inaccurate results can be obtained.  Figure 2 shows two of such cases. On the left, it is clearly seen that 

the eigenvalue corresponding to the aeroelastic mode 6 in alpha plot disappeared at the wind velocity 

of 28 m/s. For the plot on the right, the aeroelastic mode 4 has disappeared from the very beginning of 

the analysis. The problem arises when there are two very similar frequencies after solving the 

eigenvalue problem. When βk that makes the minimum difference of |βk- ωj| is chosen, there may be 

cases that the program chooses the same eigenvalue for two different aeroelastic modes. In the worst 

case scenario when the disappeared mode is supposed to cause flutter, FLAS simply does not present 

such aeroelastic instability.  

          

Figure 2: FLAS plots of -α (top) and β (bottom) presenting problems 

3 Modification of flutter analysis procedure 

In order to correct the problems of repeated eigenvalues, the iteration scheme was modified. A new 

piece of code was added as indicated in Figure 1. First of all, when all m sets of eigenvalues are 

chosen (step 4), the program checks to see if there are any two repeated eigenvalues, so they have 

identical real and imaginary parts, α and β. The code goes back to step 2 to look among αk±iβk  
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k=1,…m for another eigenvalue with the same imaginary part βj, and a different real part α k ≠α j. Finally 

one of the repeated eigenvalues is replaced by the new eigenvalue with a different real part. Then, the 

code follows the new aeroelastic mode corresponding to the newly founded eigenvalue. The wind 

velocities at which the repeated eigenvalues were detected and corrected are displayed in the graph. 

Figure 3 shows the plots of FLAS with new added codes. On the left example, eigenvalues are 

corrected at the wind velocity of 28 m/s and the aeroelastic mode 6 does not disappear and causes 

flutter at 106.49 m/s. For the example on the right, the aeroelastic mode 5 stays in the calculation and 

causes flutter at 92.39m/s. 

         

Figure 3: FLAS plots with added new codes 

4 Conclusions 

The problem that FLAS program presented occasionally because of repeated eigenvalues has been 

solved by a new piece of code added to replace one of the repeated results with the adecuate 

eigenvalue. The correct functionality of the modify program was explained by two examples. 
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