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Abstract 

A truncated Volterra series based nonlinear oscillator is introduced to model the vortex-induced 

vibration (VIV) of bridge decks. Typical features of VIV such as the "limit cycle oscillation" (LCO), 

"hysteresis" and "beat phenomenon" are parsimoniously and accurately captured in the proposed 

nonlinear model. As a functional expansion of a nonlinear system, Volterra series is convenient for 

estimating the linear and nonlinear contributions to VIV. It is demonstrated that the relative 

contribution of nonlinear effects in VIV is around 50 percent of the total response for a range of bridge 

cross-sections. The efficacy of Volterra series as a reduced order model (ROM) in capturing 

aerodynamic nonlinearities eliminates the need for reliance on conventional phenomenological models 

as it promises to offer a unified framework for nonlinear wind effects on long span bridges, e.g. VIV, 

buffeting and flutter. 

1 Introduction 

For bluff bodies with separated flows vortices are shed with a resulting wake that impacts the body 

with some periodicity. The fluctuating pressures around the bluff body generated by the periodic 

vortex shedding result in the cross-wind force with a dominant frequency given by the Strouhal 

number St=fD/U, where f is the dominant frequency of vortex shedding; D is the projected area of the 

structure per unit length; U is the oncoming flow velocity. As the frequency of vortex-induced forces 

approaches a frequency of the bluff body, “lock-in” sets in with relatively large response. Due to 

nonlinear fluid-structure interactions, this vortex-induced vibration (VIV) exhibits limit cycle 

oscillations (LCOs). Though VIV response does not always results in catastrophic events, it seriously 

impacts the fatigue life and in the case of tall stacks and super tall buildings a loss of desired 

functionality. It should be noted that the focus of most studies has been on the VIV of circular 

cylinders. On the one hand, the findings reveal some fundamental mechanisms of VIV as the circular 

cylinder is an important and representative bluff body. While on the other hand, VIV of bridge decks, 

as bluff bodies characterized by a significant afterbody shows substantial departure from features 

noted for circular cylinders. For example, there are fixed separation points for bridge decks instead of 

moving separation points for circular cylinders, which spatially shift as Reynolds number changes 

with attendant modification to shedding frequency and its strength. The lifting surface resulting from a 

long afterbody also introduces torsional loads on bridge decks due to wake dynamics. 

During past several decades, wind-tunnel experiments have underscored the difference in the 

VIV features between circular cylinders and long afterbody bluff bridge decks. For example, while the 

emergence of multiple “lock-in” regions is attributed to the “frequency demultiplication” phenomenon 

(Van der Pol 1927) by most of the studies on circular cylinders, Shiraishi and Matsumoto (1983) 

suggested a different scenario regarding bluff bodies with large aspect ratio. They postulated that the 

smaller-peak oscillation at lower wind velocity region resulted from the arrival of separated vortices 

from the leading edge to the trailing edge after n cycles of the heaving motion (where n is a natural 

number) or (2n-1)/2 cycles of the torsional motion. In addition, there are notable differences in the 
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sensitivity of each section to Reynolds numbers (e.g., Larsen et al. 2004; Sarpkaya 1978; Griffin and 

Koopmann 1977). It has also been observed that in the case of bridge decks a decrease in the cross-

sectional aspect ratio (length to width) enhances vortex-induced effects (Nakamura and Mizota 1975); 

whereas, no such comparable possibility exists for changes in the cross-sectional aspect ratio for 

circular cross-sections. Besides, the decrease in aspect ratio between the spanwise length to the size of 

the cross-section weakens the vortex-induced forces (Fail et al. 1959; Wootton 1969). 

2 Volterra Series based Model for VIV of Bridge Decks 

In the absence of an analytical treatment of the flow around a stationary or an oscillating structure, a 

closed-from representation of the VIV phenomenon is still mathematical intractable. In lieu of this, 

semi-empirical models (e.g. Ehsan and Scanlan 1990) have been advanced to model the VIV of bridge 

decks, but due to their phenomenological origin, they seem to have limited predictive capability. In the 

experimental field, the VIV study, with scaled models, is limited to low Reynolds numbers, especially 

for the decks of super long-span bridges. A promising approach involves CFD, however, this has its 

own limitation at this juncture stemming from lack of robust turbulence models for engineering 

applications and extensive computational demands. In order to close the gap between a reliable 

numerical simulation and the demands of practical applications, reduced order models (ROMs) offer 

high fidelity at much reduced computational demand. As there are much lower-order degrees of 

freedom involved in an ROM as compared to CFD, it can be tailored to meet the demands placed by 

the fundamental physics of the application (e.g. Raveh 2001). Among various ROMs, Volterra series 

based ROM, which is a form of Taylor series with memory effects, has the promise of modeling the 

VIV system. The complex mapping rules (static linear/nonlinear relationships) and time lag (fluid 

memory effects) between the aerodynamic/aeroelastic inputs and outputs, the hallmark of VIV, can be 

represented by the superposition of scaled and time shifted fundamental responses, i.e. convolution. 

Since such features are captured elegantly by Volterra Series, which makes it an ideal candidate for 

ROM modelling of a VIV system. 

 Earlier models by Skop and Griffin (1973) and Ehsan and Scanlan (1990) were based on Van 

der Pol type equation with the approximation of slowly varying parameters, which suggests that VIV 

could be classified as a weakly nonlinear system. This would facilitate the use of truncated Volterra 

series with finite terms for VIV modeling. In this study, the second-order Volterra series is selected to 

simulate the VIV system, which is motivated by the following: First, the VIV system could be treated 

as a weakly nonlinear system. Second, the second-order term means a “first step beyond linearity” 

(Doyle 2001), which could capture important nonlinear phenomena (if they exist) without involving 

complexity to identify the new model. Third, the identification of higher-order kernels is extremely 

difficult at this time to became a part of a practical solution scheme. For a nonlinear system modeled 

with the second-order Volterra series, the response y(t) under an arbitrary input x(t) could be 

represented as (Rugh 1981) 

1 2 1 2 1 2 1 2
0 0 0

( ) ( ) ( ) ( , ) ( ) ( )
t t t

y t h t x d h t t x x d d                                                                            (1) 

where the steady-state term h0 is neglected due to the focus on the dynamic responses of the VIV 

system; h1 represents the first-order kernel which describes the linear behavior of the system; h2 the 

second-order term which indicates the nonlinear behavior existing in the system. Based on earlier 

work by Rugh (1981), a generalized impulse-function-based kernel identification scheme is developed 

by the authors, where the kernels of the second-order Volterra system could be expressed as (Wu and 

Kareem 2012b) 
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where δ(t) represents the Dirac delta function (unit-impulse function); y[δ(t)] indicates the unit-

impulse response; α, 1 and 2 are selected constants. 

 The higher-order kernel identification requires concurrent multi-input signals, which makes it 

experimentally very challenging. Accordingly, no data under multi-input inputs has been obtained 

experimentally thus far to the authors' knowledge. Alternatively these kernels can be identified by a 

CFD technique, but it would entail considerable challenge as well. For example, if an impulse 

displacement is utilized to identify the relevant aeroelastic Volterra kernels, there will be several 

intractable issues since a displacement is accompanied with velocity and acceleration (Raveh 2001). 

While the CFD based scheme is under development, in this study for the sake of illustration the 

kernels are identified based on experimentally fitted Scanlan's VIV model. Hence, the troublesome 

impulse motion input could be circumvented by utilizing the external impulse force input. The 

simulation results indicate that the Volterra series based nonlinear model could capture typical features 

of the VIV of bridge decks, such as the LCO, "frequency shift", hysteresis and beat phenomenon. Also 

examined is the contribution of nonlinear terms to the VIV of bridge decks. 

3 Simulation Results 

3.1 LCO Simulation at "Lock-In" 

A rectangular prism with the width 0.3 m has the following aspect ratios: B/D = 4:1 and L/B = 3.28:1. 

The mass per unit length of the model = 6.085 kg/m; the natural frequency in the across-wind direction 

= 13.48 Hz; the Strouhal number = 0.136; the mass ratio = 0.0011; damping ratio = 0.0021 which 

results in the Scruton number of 6.0 (Marra et al. 2011). The nondimensional structural response at the 

wind velocity of 8.5 m/s (“lock-in” region) is shown in Fig. 1.  

 

 
Figure 1: Nondimensional displacement record at “lock-in” (Marra et al. 2011). 

The parameters of simplified Scanlan’s model are identified based on the “decay-to-resonance” 

technique, where Y1 is equal to 6.27; Y2 is -5.70; ε is 1082.2 at the wind velocity of 8.5 m/s (Marra et 

al. 2011). Accordingly, the “lock-in” behavior of the VIV system could be reasonably described using 

the following approximate equation 

 20.3544 7120.5 0.8047 1 192391 82.906y y y y y y    
                                            (4) 

0 50 100 150 200 250 300 350 400 450
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

Nondimensional time s

N
o
n
d
im

e
n
s
io

n
a
l 
a
m

p
lit

u
d
e
 y

/D

 

 

Displacement at "lock-in"



6
th
 European and African Conference on Wind Engineering 4 

 

 

 

Based on the aforementioned impulse-function identification scheme, the kernels of the 

Volterra series based model at “lock-in” are obtained. Fig. 2 shows the identified first- and second-

order kernels (time interval Δt=0.002s). As shown in the figure, the second-order kernel is several 

orders of magnitude smaller than that of the first-order kernel. In order to demonstrate that the 

truncated Volterra series based model is able to simulate the “lock-in” behavior, the response at “lock-

in” of this VIV system is obtained utilizing the identified Volterra kernels and compared to the 

reference response obtained using the fourth-order Runge-Kutta scheme, as shown in Fig. 3. The 

linear approximation response is based on the first-order kernel only while the nonlinear 

approximation represents the response obtained by utilizing both the first- and second-orders kernels. 

As presented in Fig. 3 (a), the linear approximation response shows notable discrepancy as compared 

to the reference results while there is indiscernible difference between the nonlinear approximation 

response and the reference data. This observation indicates that the second-order kernel is necessary 

and sufficient to simulate the “lock-in” of a VIV system, as used in this example. 

 

 
Figure 2: The linear and nonlinear kernels of the VIV system. 

 

 
(a) The simulated response 

 
(b) Close-up of the response 

Figure 3: Impulse input and corresponding "lock-in" response of the VIV system. 

It is well-known that the truncated Volterra series could well represent the nonlinear dynamic 

system with “fading” memory, where the output of the system considered is not dependent on the 

infinite past of the input (Boyd 1985). The “fading” memory system indicates that the linear and 

nonlinear kernels as a function of time lags should converge to zero. Whereas, it is interesting that 

both the first- and second-order kernels of the "lock-in" response do not diminish with time, as noted 

in Fig. 2. Here, the VIV system is referred to as the “lasting” memory system. By ignoring the 

coupling effects between the vortex shedding and structural motion, which cannot be directly 

simulated by Scanlan’s model, it is reasonable to assume the “lasting” memory of the VIV system may 

result from either contributions of the external forcing and the motion-induced effects individually or 

collectively. On the one hand, it has been shown that the far field flow effects induced by the fading of 

vortex street are in the order of (1/r) where r is the distance from the vortex street to the body (Wiehs 

1972), which indicates that the external forcing effect possesses a “fading” memory. On the other hand, 
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as a spontaneous behavior, the motion-induced effect of the VIV can be labelled as a “lasting” 

memory system. In addition, the LCO feature of this motion-induced “lasting” memory is a critical 

reason that the truncated Volterra series provides an excellent approximation of the VIV system at 

"lock-in". In order to distinguish the "memory" contributions of the external forcing and motion-

induced effects, the first- and second-order kernels of the linear mechanical system in Eq. (9) are 

identified and shown in Fig. 4. As expected, the mechanical system under the external impulse force 

presents “fading” memory. The "memory" resulting from the motion-induced effects is obtained by 

the subtracting forcing-effect-induced memory (shown in Fig. 4) from total memory (shown in Fig. 2). 

Since this mechanical system is linear, the second-order kernel has trivial value theoretically. Small 

values of the second-order kernel shown in Fig. 4 stem from numerical errors. It should be noted that 

the identification of Voltera kernels corresponding to the motion-induced effects is not based on the 

impulse displacement, instead, it is triggered by the impulse force. Since a new homogeneous system 

will be constructed after combining the motion-induced terms with the original mechanical terms 

(stiffness and damping), the impulse force actually results in the motion-induced kernels (after 

subtracting the “fading” memory effects). As mentioned in the preceding section, the illustrative 

identification scheme utilized in this study to demonstrate ability of a Volterra based ROM for 

modeling VIV could circumvent the issues surrounding CFD based identification approach at this time. 

 

  

Figure 4: The linear and nonlinear kernels of the linear mechanical system. 

3.2 Simulation hysteresis at "lock-in" 

The hysteresis phenomenon in VIV systems has being investigated since Feng’s experimental results 

(1968) that introduced the presence of hysteretic behavior. The hysteresis phenomenon indicates that 

there are two amplitudes of the LCO in a certain wind velocity range. Currie et al. (1974) observed 

that the larger amplitude at “lock-in” region is much higher than that based on the linear restoring 

force. Hence, Currie et al. (1974) introduced a cubic nonlinear term -εky
3
, where εk is a constant much 

smaller than 1 (e.g. 1%), in the restoring force to take into account the hysteretic effects. Wood and 

Parkinson (1977) investigated the hysteresis of VIV systems by empirically adding a nonlinear 

motion-dependent damping term, which can be conveniently merged into Scanlan’s VIV model. 

Consideration of nonlinear stiffness and damping renders a linear mechanical system to a nonlinear 

one. Therefore, the VIV system is investigated by calculating a nonlinear wake oscillator coupled with 

a nonlinear mechanical system. Although it is difficult to reveal the underlying physical mechanism of 

hysteresis in the VIV based on the consideration of the nonlinear mechanical system, this approach 

serves as a good representative phenomenological model. 

The hysteresis effects indicate the presence of higher-order memory in the dynamic system. 

As a functional series representation, Volterra series based model inherently involves higher-order 

memory in terms of higher-order convolution terms. Therefore, Volterra series based model is a 

promising approach to simulate the hysteresis phenomenon in VIV systems regardless of the 
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underlying physics of its origin. An example involving the Original Tacoma Narrows Bridge is used to 

illustrate the model. Fig. 5 presents the identified kernels of the Volterra series for the VIV system 

involving hysteresis effects (attributing to the nonlinear stiffness). Fig. 6 shows the simulation results 

of the VIV system at "lock-in" with hysteresis effects using the identified Volterra kernels. As shown 

in the figure, the nonlinear approximation  converges to the reference results. The first- and second-

order Volterra kernels of the nonlinear mechanical system are also calculated as presented in Fig. 7, 

where the second-order kernel has non-trivial values. The "memory" resulting from the motion-

induced effects is obtained by the subtracting forcing-effect-induced memory (shown in Fig. 7) from 

total memory (shown in Fig. 5). 

 

Figure 5: Identified kernels for hysteresis simulation. 

 

Figure 6: Response of the VIV system involving hysteresis effects. 

  

Figure 7: The linear and nonlinear kernels of the nonlinear mechanical system. 

3.3 Simulation of "Beat" Observation at "Non-Lock-In" 

For the approach wind velocity at just before or past the “lock-in” region of a VIV system, 

two distinct frequencies would surface in the response signature. One of these relates to the 

mechanical vibration while the other corresponds to vortex shedding. As a result, the beat 

phenomenon could occur at the “non-lock-in” regions, which has been recorded in several 

studies (e.g. Goswami et al. 1993). In order to investigate the capability of a Volterra series 
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based model to simulate the beat phenomenon at the “non-lock-in” range, the vortex-induced 

force term CLsin(Ks+θ)/2 corresponds to the dominant frequency of vortex shedding is set at 

15.00 Hz. The identified first- and second-order Volterra kernels are shown in Fig. 8 while the 

VIV response is presented in Fig. 9. The simulated time history demonstrates that the Volterra 

series based model that involves the second-order convolution could faithfully simulate the 

beat phenomenon at “non-lock-in” region. 

 

 
Figure 8: Identified kernels for beat phenomenon. 

 
Figure 9: Response of the VIV system involving beat phenomenon. 

4 Closing Remarks 

A brief overview of vortex-induced vibration (VIV) of bridge decks is presented highlighting its 

departure from conventional observed VIV of circular cylinders. A Volterra series based nonlinear 

model is introduced to simulate VIV of bridge decks. The kernel identification scheme based on the 

impulse function input is utilized to identify the first- and second-order kernels of Volterra series. Both 

the "fading" and "lasting" memory of the VIV system at “lock-in” could be accurately modeled by the 

truncated Volterra series. The limit cycle oscillation (LCO) of the motion-induced “lasting” memory is 

a critical reason for the truncated Volterra series to provide an excellent approximation of the “lock-in” 

behavior of VIV systems. Additionally, it has also been demonstrated that the Volterra series based 

model is a promising scheme to simulate the "frequency shift" and hysteresis features in the “lock-in” 

region and to model the observed beat phenomenon in the “non-lock-in” region. 

As a functional expansion of a nonlinear system, Volterra series is utilized to estimate the 

linear and nonlinear contributions to VIV of bridge decks. It is noted that the nonlinearity contributes 

are around 50 percent of the VIV response of various bridge decks studied. It is also demonstrated that 

the attempt to set up a unified analysis framework based on Scanlan's linear approach, where VIV is 

simulated with a linear semi-empirical model, may need additional examination before a viable model 

emerges. On the other hand, Volterra sereis based model per se is a nonlinear analysis framework. 
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Success in the application of Volterra series based model to VIV system ensures the development of a 

unified analysis framework for wind-induced effects on bridge decks (Wu and Kareem 2012a; 2012b), 

where the linear convolution term is utilized to portray conventional flutter and buffeting analysis 

models while the combination of the linear and nonlinear terms are utilized to model nonlinear flutter 

(also post-flutter behavior) and buffeting and VIV issues. 
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