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Abstract 

Multi-mode vertical vortex-induced vibrations (VIV) have been observed on several 
steel box-girder suspension bridges where different vertical modes may be selectively 
excited in turn with increase of wind velocity in accordance with the Strouhal law. 
Analytical and experimental prediction of VIV amplitudes for every candidate vertical 
mode is a great concern for wind-resistant design of suspension bridges. The aim of this 
study is to investigate the characteristics of higher vertical modes’ VIV and the 
relationship of VIV amplitudes among different modes by using sectional model study 
and aeroelastic model study. This paper presents experimental results from sectional 
model study while the results from aeroelastic model study are described in the 
companion paper. Two sectional models with the same side ratio of B/D=6 but different 
length scales are elastically suspended with springs of varying stiffness in wind tunnel 
and a total of 11 cases have been tested in smooth flow. Strouhal number of the models 
is found to be constant for all the cases regardless of model vibration frequency and 
model scale. The maximum vertical non-dimensional amplitudes at different vibration 
frequencies are almost the same for the same model, and the maximum amplitudes 
between the two models are also close each other when mass parameter between the 
two models has been properly scaled. 

1 Introduction 

Steel-box stiffening girders of suspension bridges are typical bluff bodies and are 
therefore prone to vortex-induced vibrations (VIV) when exposed to a natural wind. As 
the stiffening girder of a suspension bridge have a number of closely-spaced vertical 
modes of vibration, each of these candidate modes may be selectively excited in turn 
with increase of wind velocity in accordance with the Strouhal law. Multi-mode vertical 
vortex-induced vibrations have been observed on several steel box girder suspension 
bridges under moderate wind and the vibration frequencies are usually 0.2Hz~0.4Hz 
(Larsen et al., 2000; Li et al., 2011; Chen, 2004). At the same amplitude of vibration, 
VIV of higher modes tends to be more harmful in terms of both user comfort and 
dynamic forces than that of the lower ones. Analytical and experimental prediction of 
the VIV amplitudes for every candidate vertical mode is a great concern for wind-
resistant design of suspension bridges. 

The steel box girders in suspension bridges may be considered as a shallow beam 
commonly with a height less than 4m. For such a shallow section, Strouhal number St is 
rarely below 0.1. Therefore for the vibration mode with frequency less than 0.6Hz, the 
corresponding onset velocities of VIV lie below 25m/s, an upper limit wind velocity for 
bridges open to traffic. The modes with frequency from 0.2Hz to 0.4Hz have VIV onset 
velocity of about 6~12m/s and are therefore most easily excited by vortex shedding than 
lower modes. On the other hand, the limit of VIV amplitude is mainly determined by 
the allowable acceleration, and therefore it decreases with modal frequency. As a result, 
restricting the VIV amplitudes for higher vertical modes is more rigorous than that of 
lower modes, and worthy of more attention. 
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2 Existing Method for Multimode VIV 

2.1 Mathematical model of VIV 
Excessive vortex-induced vibration may cause fatigue problems of structure and user 
comfort, and it is therefore necessary to limit the vibration amplitude. However accurate 
prediction of VIV amplitudes remains a difficult problem and the existing mathematical 
models are mainly semi-analytical and semi-experimental. The empirical linear model 
developed by Simiu and Scanlan in 1986 is chosen to discuss the multi-mode vortex-
induced vibrations. The cross-wind dimension D of the cylinder (the box-girder height 
in the context of suspension bridges), is taken as characteristics length. The equation of 
motion of the cylinder during lock-in can be written as 
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where m is the cylinder mass per unit length; ρ is the mass density of air; U is the wind 
velocity; K1, defined as Dωn/U, is the reduced frequency with ωn being the natural 
frequency of cylinder; Y1(K1), Y2(K1) and CL(K1) describe the aerodynamic damping, 
aerodynamic stiffness and motion-independent vortex-shedding forces at lock-in, and 
they are functions of reduced frequency K1. By defining the non-dimensional amplitude 
η=y/D, the steady solution for equation (1) can be expressed as 
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By analogy, equation (2) may be regarded as the response of single degree-of-
freedom (SDOF) system with reduced modal frequency K0 and modal damping ratio of 
γ under forced sinusoidal excitation with frequency K1; during lock-in, K1 decreases 
with wind velocity U and the maximum vibration amplitude η develops when K1=K0. 
One can identify the aerodynamic parameters Y1(K1), Y2(K1) and CL(K1) from the 
experimental K1-η curve obtained from sectional model wind tunnel tests. The Simiu-
Scanlan model only predicts the maximum amplitude for K1=Dωn/U, and it cannot also 
provide the range of wind velocity at lock-in.  

The VIV amplitude described by equations (2)~(4) are implicit functions of 
aerodynamic parameters Y1(K1), Y2(K1) and CL(K1). Substituting equations (3) and (4) 
into equation (2) yields 
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where SC is the Scruton number defined as SC=mζ/ρD2. 
By letting Y1=Y2=0, equation (5) reduces to the case of the most simple linear 

model of vortex-shedding forces considering only the motion-independent term. In such 
case, the solution of VIV amplitude reduces to 
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where |η|L represents the solution of SDOF system for the simple linear model of vortex 
shedding. It is clear that the non-dimensional amplitude is in inverse proportion with St

2 

and SC for the simple linear model. 
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2.2 Prediction for multi-mode VIV 
The existing method for predicting multimode VIV remains mainly the use of 

sectional model wind tunnel tests while some attempts have been made to use full 
aeroelastic models (Fujino and Yoshida, 2002). In sectional model tests, the prediction 
of lock-in wind velocity as well as VIV vertical amplitude for every possibly-excited 
mode bases its theoretical foundation on equation (6). In more detail, sectional model 
wind tunnel tests are carried out for a particular vertical mode to obtain lock-in wind 
velocity and VIV amplitudes and those for the remaining modes are derived from 
equation (6). The procedure is as follows.  
(1) Conduct sectional model wind tunnel tests for one particular mode P to determine 
the St number, lock-in range and maximum vibration amplitude ηP for that mode. 
(2) Assume St is constant for different vertical modes and calculate the wind velocity of 
VIV for remaining modes, for example mode Q, as follows 
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where VP may be the onset wind velocity of VIV, wind velocity interval of VIV and 
wind velocity of VIV with maximum vibration amplitude.  
(3) If the modal damping ratios are the same for all modes, it is obvious that η is in 
inverse proportion with equivalent modal mass m. As such, the relationship of vibration 
amplitude between mode P and mode Q is given as 
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where mP and mQ are the equivalent modal mass for modes P and Q. Equation (8) is 
only valid for the simple linear model of vortex-shedding force, and may become 
invalid for the empirical linear model of Simiu-Scanlan type if Y1 and Y2 are non-trivial. 
(4) Consider further correction of vibration amplitude due to three-dimensional mode 
shape as well as the span-wise correlation of vortex-shedding forces. One noticeable 
example is the correlation length method developed by Ruscheweyh which has been 
included in the Eurocode. However, Ruscheweyh’s method is suitable for chimneys and 
other vertical structures. Chimneys may experience vortex-induced vibration for the 
first or second modes, which differs appreciably from higher modes of suspension 
bridges. Investigation on span-wise correlation of vortex-shedding forces under the VIV 
of higher modes is very rare if not none. The current Chinese code for wind-resistant 
design of highway bridges does not consider the correction of vibration amplitude due 
to imperfect correlation of vortex-shedding forces.  

A series of investigations are underway to develop method for predicting VIV 
vibration amplitudes for higher modes of suspension bridges. Some key issues needing 
further research are summarized as follows: 
(1) Variation of St number with vibration frequency for the same model; 
(2) Variation of VIV amplitude with vibration frequency for the same Sc number; 
(3) Effect of model scale on VIV amplitude; 
(4) Effect of aerodynamic damping on VIV for different modes; 
(5) Span-wise correlation of vortex-shedding forces under different mode shapes; 
(6) Equability of modal damping ratio for different modes; 
(7) Determination of allowable vibration amplitude for higher modes. 

The first three issues will be investigated with sectional models, and the remaining 
will be explored with a new kind of aeroelastic model as will be discussed in the 
companion paper (Chen et al. 2013). In sectional model study, sectional model with the 
same side ratio of B/D=6 but two different length scales are used to investigate the 
characteristics of multi-mode vortex-induced vibration (VIV) for long-span suspension 
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bridges. The models are elastically suspended with springs of varying stiffness to 
simulate different modes of vibration in a suspension bridge. 

3 VIV tests of Rectangular Sections at Different Vibration Frequencies 

As a first step for studying the multi-mode vortex-induced vibrations, two rectangular 
sectional models having the same side ratio of B/D=6 but different length scales are 
elastically mounted by springs with varying stiffness to simulate different modes of 
vibration in suspension bridges. The wind tunnel tests are conducted in the high-speed 
test section of HD-2 wind tunnel at the Hunan University, the dimension of the test 
section is 3m(W)×2.5m(H)×17m(L). 
3.1 Sectional models and experimental setup 

The side ratio of both sectional models is 6, and the length of the models is 1.54m. 
The model A has a height of 12cm and a width of 72cm while the model B has a height 
of 6.7cm and a width of 40cm. The inner part of the model is constructed with mental 
materials to have sufficient rigidity while the surface of the model is covered with ABS 
plates to ensure the smoothness of the surface. Large plates are connected at both model 
ends to assure the two-dimensionality of the flow. As shown in Figure 1, the model is 
elastically suspended in wind tunnel by springs, and the model may move in vertical 
and torsional directions but the motion in along-wind direction is restrained by a long 
steel wire. The free-stream wind velocity is recorded by Cobra probe at 1.5m ahead of 
the model. The model displacements at upstream and downstream locations are 
measured by two laser displacement transducers, the model accelerations at upstream 
and downstream locations are measured by two micro-accelerometers. The test is 
conducted in smooth flow (Iu<1% for U>3m/s) and only zero wind attack angle is 
considered. 
        

 

 

 

 

 

 

Figure 1: Elastically-suspended sectional model and its supporting frames 

3.2 Data processing  
The data are recorded after the model vibration become stable. The sampling frequency 
is 100Hz and sample duration exceeds 45s for each record. For each test case, the wind 
velocity, two accelerations and two displacements are measured. The two displacements 
u1(t) and u2(t) (or accelerations) are used to calculate the vertical and torsional 
displacements, as follows. 
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where L is half the distance between two measurement points of laser transducer. 

Dispacement measurement locations

Incoming wind velocity

long steel wire
supporting arm

Acceleration measurement locations
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3.3 Experimental results 
A total of 11 cases are selected with different vibration frequencies of the sectional 

models, 8 for the model A and 3 for the model B. The experimental parameters of each 
case for the model A and the model B are summarized in Table 1 and Table 2. It is 
noted that each column in Table 1 are given in ascending manner of vertical frequency. 
The equivalent modal mass for each case are precisely calculated based on finite 
element modal analysis of the free vibration system consisting of rigid sectional model, 
springs, connecting arms and long steel-wire, and the results are shown in the tables. 

Table 1: Experimental parameters for the model A 
 

Test case 6 1 7 2 8 3 4 5 

Vertical frequency fv (Hz) 2.25 2.44 2.95 3.34 3.96 4.95 5.86 6.98 

Vertical damping ratio (%) 0.16 0.25 0.16 0.25 0.16 0.25 0.25 0.25 

Total physical mass (Kg) 21.0 19.4 22.3 20.6 21.5 19.9 23.0 22.2 

Equivalent modal mass (Kg) 18.9 17.7 18.8 18.0 18.3 17.7 18.6 18.1 

Sc number 1.32 1.63 1.31 1.66 1.28 1.63 1.71 1.67 

Torsional frequency fT (Hz) 5.27 4.54 7.03 6.10 10.55 9.16 10.4 12.6 

Torsional damping ratio (%) 0.31 0.43 0.30 0.42 -- -- -- -- 

fT/ fV 2.34 1.86 2.38 1.83 2.66 1.85 1.77 1.81 

Table 2: Experimental parameters for the model B 

Test case 9 10 11 

Vertical frequency fv (Hz) 2.42 3.54 5.03 

Vertical damping ratio (%) 0.19 0.25 0.25 

Total physical mass (Kg) 9.67 10.20 10.89 

Equivalent modal mass (Kg) 7.63 8.16 7.89 

Sc number 1.71 2.41 2.33 

Torsional frequency fT (Hz) 5.08 7.52 9.57 

Torsional damping ratio (%) 0.26 0.29 0.26 

fT/ fV 2.10 2.12 1.90 

Wind tunnel experiments for the 1st~5th cases of the model A are first carried out 
and the vertical damping is 0.25%. For each case, two vertical VIV and two torsional 
VIV develop with increase of wind velocity. The variation of non-dimensional vertical 
displacement is shown in Figure 2. The first vertical VIV for the five cases are very 
similar; the second vertical VIV for the 3rd~5th cases are very similar but differs from 
those for the first and second cases. The anomaly in the second vertical VIV for both 
cases is probably caused by the simultaneous occurrence of vertical and torsional VIV 
such that vertical VIV transits into torsional VIV. In order to validate this assumption, 
three additional cases with larger torsional-to-vertical frequency ratio are tested. It is 
observed that the second VIV for the 6th~8th cases is very similar to those of the 
3rd~5th cases, as will be shown later.  

Wind tunnel experiments for the model B are conducted for the 9th~11th cases. 
Due to the large value of torsional-to-vertical frequency ratio, vertical VIV and torsional 
VIV are well separated. The results of vertical VIV for model B are shown in Figure 3. 
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Figure 2: Variation of non-dimension vertical amplitude for the model A 
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Figure 3: Variation of non-dimension vertical amplitude for the model B 

3.3 Analysis and discussion 
(1) There are two obvious vertical VIV for all the cases of the model A and the 

model B. The St numbers for all the 11 cases are calculated from onset wind velocity of 
two vertical VIV. The mean value of St numbers for the first and the second VIV are 
0.206 and 0.107, respectively, and their stand deviation is 0.01 and 0.003. It is found 
that St numbers of the first and second vertical VIV are almost the same for all the cases. 
Vibration frequency and length scale of the model have minor effects on St number. 
Therefore it is reasonable and of sufficient accuracy to derive the wind velocity of VIV 
of other modes simply based on experimental data on one particular mode. The 
mechanism associated with the development of two vertical VIV rather than a single 
VIV needs further investigations. 

(2) The mass m and damping ratio ζ vary slightly for all the cases, and therefore 
the corresponding Sc number will be slightly different, as shown in Tables 1 and 2. In 
order to eliminate the effect of Sc numbers on vibration amplitude, the Sc number for 
the 6th case is taken as reference value, and vibration amplitude for other cases of the 
model A are normalized with respect to the 6th case. As the vibration amplitude is 
inversely proportional to Sc number, the Sc-corrected non-dimensional vibration 
amplitude for all other cases is calculated as 

6
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where the subscript n represent the case n; |η|' is the Sc-corrected vibration amplitude. 
The variations of Sc-corrected vibration amplitude for the model A are show in Figure 4. 
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After correction, the discrepancy in vibration amplitude is further reduced for the model 
A. Figure 5 shows the Sc-corrected vibration amplitude for the model B where the 9th 
case is taken as reference. Both Figures 4 and 5 imply that vibration frequency does not 
have important effects on vibration amplitude. It may be concluded the assumption that 
the non-dimensional vibration amplitudes for different vertical VIV modes is the same is 
valid and of sufficient accuracy from sectional model study.  
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Figure 4: Sc-corrected amplitude for model A               Figure 5: Sc-corrected amplitude for model B 

(3) The St number for the second VIV is nearly half that for the first VIV. If the 
simple linear model of vortex-shedding forces stands, the maximum amplitude for the 
second VIV will be theoretically four that for the first VIV. However, the maximum 
amplitude for the second VIV is about two that for the first VIV, implying the simple 
linear model is insufficient. Due to the incorporation of Y1 and Y2 in the empirical linear 
model of Simiu-Scanlan type, the vibration amplitude is not simply in inverse relation 
with St2. It may be concluded equation (6) is not of sufficient accuracy for structures 
with shallow cross sections.  

(4) While the different cases of each model A or B have almost the same vibration 
amplitudes, the difference in vibration amplitude between the model A and the model B 
is quite large. The average non-dimensional amplitudes of the two vertical VIV for the 
model A is 19.28 and 45.02, while those for the model B is 35.97 and 91.71. The 
vibration amplitude for the model B with smaller scale doubles. Detailed comparisons 
are given in Table 3.  

The main reason causing the significant difference in VIV amplitudes for model A 
and model B is that the mass property or precisely the modal mass is not properly scaled 
between the two models.  According to similarity criteria, the effective modal mass for 
the model A should be 3.24 (=1.82) larger than that for the model B. By accounting for 
this, the model A and model B is re-tested at the same damping ratio (=0.15%) in wind 
tunnel, the non-dimensional VIV vertical amplitudes for model A and B are 43 and 56, 
respectively. A 20% difference between the two models still exists which may be 
caused by the imperfect span-wise correlation of VIV force. 

Table 3:  Comparison of Sc-number-normalized non-dimensional amplitude for the models A and B 

The first vertical VIV The second vertical VIV 
 L (m) B (m) D (m) 

Re number Average maximum 
amplitude 1000Y/D Re number Average maximum 

amplitude 1000 Y/D
Model A 1.54 0.72 0.12 9.7E3~5.0E4 19.28 2.0E4~1.1E5 45.02 

Model B 1.54 0.40 0.67 3.4E3~1.1E4 35.97 6.4E3~2.5E4 91.71 

A/B 1.00 1.80 1.80 2.87 ~4.51 0.426 3.13~4.30 0.379 
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4 Conclusions 

Two rectangular sectional models with the same side ratio of B/D=6 but different 
length scales have been used to investigate the variation of St number and VIV 
amplitude with modal frequency. The models are suspended with springs of varying 
stiffness and a total of 11 cases are tested in smooth flow. It is shown that i) two 
separated vertical VIV develops for all the cases and St number in each vertical VIV 
remains constant for different vibration frequencies, implying St does not rely on the 
wind velocity or Re number, at least for the studied rectangular section; 2) more 
importantly the VIV amplitude at different vibration frequencies are almost the same for 
the same model scale, and the maximum amplitudes between the two models are also 
close each other when mass parameter between the two models has been properly scaled; 
3) simple linear model of vortex-induced forces is not adequate as the motion-
dependent force is not considered in the model. 
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